Chapter 9 — Linear Momentum and Collisions

This chapter is about the concept of linear momentum.
Linear momentum is defined as

p=mv [kg-m/s]
Momentum is a vector whose direction is the same as the velocity. So, in 2-D

Px = MVy, Py = Mvy
Momentum is not the same as kinetic energy. K =% mv? is a scalar and has no
direction. Also, K depends on the square of the speed. Because of this difference, two
different objects can have the same momentum but have different kinetic energies.

Example:

Car A has a mass of 2000 kg and is traveling at 10 m/s north. Car B has a mass of 1000
kg and is traveling at 20 m/s north. Both cars have the same momentum —

pa = (2000 kg)(10 m/s) = 20,000 kg-m/s, direction = north

ps = (1000 kg)(20 m/s) = 20,000 kg-m/s, direction = north
However, they have different kinetic energies -

Ka = % (2000 kg)(10 m/s)? = 100,000 J

Kg = ¥% (1000 kg)(20 m/s)? = 200,000 J

Newton’s 2™ law can be written in terms of change in momentum:

-_dp
dt

This is the same as F = ma, since

c_dp_dmv) _ _dv

dt dt g
Impulse
Impulse is defined as
Impulse = [ Fdt = FaeAt [N-s = kg-m/s]



The impulse exerted by a force depends on the time of application and the average force
during that time. From Newton’s 2" law, the impulse on an object is the same as its
change in momentum:

FaveAt = Ap = mvs - my;

Example: Vi
+«—O0

A pitcher throws a baseball toward a batter with a speed of 40 O—

m/s toward a batter. The batter hits the ball straight back Vi

towards the pitcher with a speed of 30 m/s. A baseball has a
mass of about 145 g.

What is the impulse exerted on the ball by the bat?
Assume right = + | left = -

Impulse = Ap = mvs — mv; = m(vi — v;) = (0.145 kg)(30 m/s — (-40 m/s))
= (0.145 kg)(70 m/s) = 10.15 kg-m/s

If the contact time was 5 milliseconds, what was the average force exerted by the bat on
the ball?

F_Ap_ 10.15kg-m/s
At 0.005s

=2030N

Impulse from a variable force
If the force varies during a contact, then the impulse depends on the average force during

the contact. This is equivalent to finding the impulse from the area under the force versus
time graph.

area = Faye At

' Fave
]

At

(A point of possible confusion - The above is similar to, but not the same as, the work
energy theorem, which states that F,..Ax (= area under F vs x curve) = AKE.)



Reducing the impact force during a collision

The damage that results from a collision is a consequence of the size of the impact force.
So, to reduce the damage we need to spread out the time of impact.

Example:

An egg dropped from a height of 1 m onto a concrete floor will break, but it will not
break if dropped from the same height onto a pillow. Why? The impulse is the same in
both cases (same Ap). The pillow increases time of contact (At) and thus reduces the
average force (F).

Other examples would include a safety airbag in a car, a padded dashboard, a flexile
bumper on a car, ...

Conservation of Linear Momentum

Consider a collision between two balls. During the 1 2

collision the balls exert equal and oppositely directed Fio - Fi

forces on each other (Newton’s 3" law). That is, ‘_%_'
Fi2=-Fa

Since the contact times are the same for both masses,
Fi2 At = -F»; At

If all other forces can be neglected, then from Newton’s 2" law
Ap1 = - Ap2
A(p1 + P2) = Aprota = 0

Or, Ptotal = CONSstant

The above argument applies to an arbitrary number of particles. If Fex = 0, then the total
momentum of a system remains constant in time.

Example:

4—
A 10-kg gun fires a 25-g bullet \/'C_l
with a speed of 300 m/s. What
would be the recoil speed of

the gun? Assume the gun is
held lightly so that its recoil is not restricted.




Pr = Pi
Vg = -mpv/mg = -(0.025)(300)/10 = - 0.75 m/s

Note: If you hold the gun tightly, its recoil speed will be much less since your mass adds
to the gun in the above calculation.

Collisions

Collisions can be classified as elastic or inelastic. In an elastic collision kinetic energy is
conserved. In an inelastic collision kinetic energy is not conserved. When two colliding
objects stick together the collision is referred to as completely inelastic. In a completely
inelastic collision you have the maximum loss of kinetic energy; however, not all the
kinetic energy is necessarily lost.

Two colliding billiard balls may be nearly elastic (but not completely). If you throw a
piece of putty and it sticks to a wall, then the collision is completely inelastic.

Note: Whether the collision is elastic or inelastic, momentums is always conserved.
Example:

A 5000-kg truck traveling at 10 m/s makes a head-on collision with a 1000-kg car
traveling at 30 m/s. The car and truck become entangled and stick together on impact.
What is their common velocity immediately after the collision?

Choose the initial direction of motion of the truck as the positive direction. Then

Pt =P
(Mg +Me )V =mMpVy +MeVe
My +mgve  (5000)(L0) + (1000)(—30)

= =3.33m/s
m; + Mg 5000+1000 -

V¢

Note that we used -30 m/s for the velocity of the car. The fact that we got +3.3 m/s
means that the entangled vehicles move in the direction of the truck’s initial velocity.

How much kinetic energy was lost in the above collision?



Ki =Lmyv? +LImey,? = %(5000)(10)2 +%(1000)(30)2 = 2.5x10°J +4.5x10°J

2 2
—7x10°J
_1 2 1 2 4
K¢ =2 (mg+mc)vs® =2(5000+1000)(3.33)” =3.33x10 J

AK =K —K; =3.33x10% —7x10° = —6.67x10° J

So, K(lost) = 6.67x10° J.

Example:

A 1-kg ball traveling at 8 m/s to the right makes a head-on collision with a 3-kg ball
traveling at 2 m/s to the left. After the collision the 3-kg ball moves to the right with
speed 2.5 m/s. What is the speed and direction of motion of the 1-kg ball after the
collision?

Pt = Pi
MV + MoVo ¢ = MyVyj + MoVy;

MV +MaVoj —MaVo s (1kg)(8m/s) + (3kg)(—2m/s) — (3kg)(2.5m/s)
mq 1kg

Vif =

=-55m/s

So, the 1-kg ball rebounds to the left with speed 5.5 m/s.

Was this an elastic collision?
Ki =2mvy® +2movyi® =1 (0©)° + 3(3)(2)* =387
Ky =1myg 2 +2movyy 2 =1)(5)% +1(3)(25)* = 2453

Kinetic energy was not conserved, so this was an inelastic collision, even though the two
balls bounced from each other.

Suggested practice exercise: Show that if the 3-kg ball rebounds with a speed of 3 m/s,
then the collision is elastic.



2-D collisions

Since momentum is a vector, it must be conserved in all directions. For a 2-D collision

Pxf = Pxi = MVixe +MaVoys = MpViyj + MpoVoyi

Pyf = Pyi = MViyf +MaVoyf =MVyyi +MaVoy;

Example: A 2-kg ball traveling to the right at 10 m/s makes a glancing collision with a 3-
kg ball initially at rest. After the collision the 2-kg ball travels with speed 8.4 m/s at an
angle 37° above the initial direction. What is the speed and direction of the 3-kg ball
after the collision?

Vif "
Vii o
@ = O
ml O \\\\ 92
m
‘ sz\4C> m2

Pxf = Pxi
MyVq§ COSB; +MyVy s COSHy = MyVy;
(2kg)(8.4m/s)cos(37°) + (3kg)v, ; cosy = (2kg)(1Om/s)
Vog C0SOy =2.19m/s  (Eq.1)

Pyf = Pyi
MV ¢ SINGL +MyVo s SiNG, =0
(2kg)(8.4m/s)sin(37°) + (3kg)vy ¢ sind, =0

(Eq.2)
Vo sind, =-3.37m/s  (Eq.2)

In Egs. 1 and 2 above, we have 2 unknowns, Vs and 6,. We can solve as follows:

FromEq. 1, vo¢ = 2.19
cos &,

. Substituting this into Eq. 1,



[ 219 Jsin 6, =-3.37
cos 6,

tan 6, :%, g, = -57°

Then from Eq. 1,

Vo ¢ —£:4.02mls

B cos(57%

Note: If you calculate the initial kinetic energy and final kinetic energy, you will see that
this collision was not elastic.

Example: Consider a collision like that in the example above, but assume that it is
elastic. Then,

MVij = MVis +MaVog (1)
1 2_1 2.1 2
SMVE~ =5Mv e~ +5mMovpe ™ ..(2)

If the balls have the same mass, as in billiards, then we have
Vij =Vif +Vof +(3)
2 2 2
Vii© =Vif T + Vg ..(4)
From the first of the above equations, we can write

Vii Vi = (V1f +Vog)-(Vis +Vag), OF

2 2 2
Vi© =Vt Vst +2ves Vs (D)

Comparing equations (4) and (5), we see that vy vor = 0. This means that the final
velocities are perpendicular (01 + 6, = 90°).



Center of Mass

y (m) m,
The center of mass of a system of objects is the I ’
mass weighted average position of the objects. In ; ms3
a uniform gravitational field this “center of mass’ 2 O S )
is the same as the ‘center of gravity’. In 2-D the m, !
location of the center of mass is given by 11----@ ! :
M7 ym 7 Ym, 1 2 3 4 x(m
Example:

What is the location of the center of mass of the three particles in the figure to the right?
Given: m;=10g, m,=20g, m3=30g.

_ M1X1 + Mo Xy + M3 X3

Xem my +my +mg
_ (0.01kg)(@m) + (0.02kg)(2m) + (0.03kg)(4m) _283m
0.01kg +0.02kg + 0.03kg —
myyp +Moys +mgy3  (0.01kg)(Im) + (0.02kg)(3m) + (0.03kg)(2m)
Yom = v my amg 0.01kg + 0.02kg + 0.03kg
=2.17m

If a regularly shaped object has a uniform mass density, then its center of mass is the
same as its geometrical center.



