Analytical Methods for Materials

Laboratory Module #1
Crystal Structure Determination for Cubic Crystals

Suggested Reading

1. C. Suryanarayana and M.G. Norton, X-ray Diffraction A Practical Approach, (Plenum Press, New
York, 1998), pages 97-152.

2. B.D. Cullity and S.R. Stock, Elements of X-ray Diffraction, 3" edition, (Prentice Hall, Upper Saddle
River, NJ, 2001), Ch. 10, pages 295-315.
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Steps for Crystal Structure
Determination

« Calculate size and shape of unit cell from angular
positions of diffraction peaks

« Calculate the number of atoms per unit cell from
unit cell shape and size, chemical composition,
and measured density.

* Deduce the atom positions within the unit cell
from the relative intensities of the diffraction
peaks.
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Indexing

» Assign correct Miller indices to each peak in the
diffraction pattern.

* Only correct when all peaks are accounted for.

* Process is easy for simple structures and very
tedious for more complex crystals.
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Generation and Treatment of Data

* Record diffraction pattern over as wide a range
of 26 as possible.

 Calculate value of sin?d for each diffraction line.
You can also determine the value of 4, , for each
line. It can also be used to determine crystal
structure.

 We will do this later for unknowns.
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Generation and Treatment of Data - cont'd

 Values of sin?d always contain systematic errors.
These errors can interfere with the determination
of structures, particularly for non-cubic crystals.

 We can remove these errors from the data by
calibrating the diffractometer by mixing a
standard (i.e., a substance of known lattice
parameter) with the unknown.
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CUBIC CRYSTALS
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Recall Bragg's Law

/ < 2dsin>
Rearrange 4dZSIﬂ 0
2
\* sinzé’:/l,2

The only variable
quantity
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For cubic crystals

 Obtain interplanar spacing, d,,;,, from the plane
spacing equation:

1 WP +k*+1° 1 ho+k+1°
FI 2 or 2= 2
hid d d
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For cubic crystals

« Substitute plane-spacing equation into Bragg's
law:
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VERY IMPORTANT
For any single diffraction pattern

2
7»2 = CONSTANT
4a
THUS
Sin“Boc h® +k*+1°
\ )
Y
Integer

Related to indices of diffracting planes
as 0 increases, planes with higher
order Miller indices will diffract
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Methods

 Mathematical
* Analytical

« Both methods are based upon manipulations of
Bragg's law and the plane-spacing equations.
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Mathematical Method of Indexing
Cubic crystals
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For any two different reflections/planes,
0, and 0,

sin“6, hl+ki+I7 Kk

sin?0, W +kZ+17 k,

Both the numerator and denominator are integers that
scale with 4 k [
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1.

Obtain #° + k% + [ for a given reflection by
dividing the sin°@ values for each reflection with
that for the first (i.e., minimum) one

Multiply by the appropriate number to obtain an
integer (usually 1, 2 or 3)

Subsequent integers represent the quadratic
form of the Miller indices
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Identify Bravais Lattices

* Note the sequence of 4’ + k° + [° values

— Primitive Cubic
1,2,3,4.56,8,9,10,11,12,13,14,16....

— Body-centered Cubic
2.46,810,12,14,16...

— Face-centered Cubic
3,4,8,11,12,16,19,20,24,27,32. ..

— Diamond cubic
3,8,11,16,19,24 .27 32...
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Identify the peaks.

Determine sin?0.

Calculate the ratio sin6/sin?0_.., and multiply by the appropriate integers.

Select the result from (3) that yields 4#2+k2+/2 as an integer.

Compare results with the sequences of #2+k%+2 values to identify the Bravais lattice.
Calculate lattice parameters.
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Step 1

|ldentify the peaks and their proper 26 values. Eight peaks for this

pattern. Note: most patterns will contain o, and «, peaks at higher
angles. Itis common to neglect o, peaks in this analysis.

Peak
No.

20

sin’@

1x

sin @
sin®@_.

2 X

sin® @

sin® @

o
sin“ 4.,

3x

H
sin“ 4.,

WoHK

hkl

a (A)

38.43

44.67

65.02

78.13

82.33

98.93

111.83

O IN[O O[PS |WIN =

116.36
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Step 2

Determine sin?@ for each peak.

— When using Excel, remember you must convert your angles to radians.

Peak 1y sin® g . sin® @ 35 _sin2¢9
No. 20 sin’@ Sin“ O, | SIN“ 6, | SIN“ O, | BB+ | hkl | a (A)
1 38.43 0.1083
2 44.67 0.1444
3 65.02 0.2888
4 78.13 0.3972
5 82.33 0.4333
6 98.93 0.5776
71 111.83 0.6859
8 116.36 0.7220
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Step 3

Calculate the ratio sin?6/ sin?4.., and multiply by the appropriate

integers.

Peak e sin @ - sin® @ 3 sin® @

No. 20 sin9 | sinO, | sin®G, | sin® O | n2i+P | bk | a ()
1 3843 | 0.1083 1.000 2.000 3.000
o| 4467 | 0.1444 1.333 2.667 4.000
3| 65.02 | 0.2888 2.667 5.333 8.000
4 7813 | 0.3972 3.667 7.333 11.000
5| 8233 | 0.4333 4.000 8.000 12.000
6| 98.93 | 05776 5.333 10.665 15.998
71 111.83 | 0.6859 6.333 12.665 18.998
8| 116.36 | 0.7220 6.666 13.331 19.997
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Step 4

« Select the result from (3) that most closely yields #?+k°+/[” as a
series of integers .

Peak 1><M . sin® @ 3 sin® g
No. 20 sin9 | sinO, | sin®O, | sin® O | n2i+P | bk | a ()
1 38.43 0.1083 1.000 2.000 3.000
2 44.67 0.1444 1.333 2.667 4.000
3 65.02 0.2888 2.667 5.333 8.000
4 78.13 0.3972 3.667 7.333 11.000
5 82.33 0.4333 4.000 8.000 12.000
6 98.93 0.5776 5.333 10.665 15.998
71 111.83 0.6859 6.333 12.665 18.998
8 116.36 0.7220 6.666 13.331 19.997

In this case the
best number is 3
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Step 5

Compare results with the sequences of #2+k?+[? values to identify the
miller indices for the appropriate peaks and the Bravais lattice.

Peak 1y sin® @ 9y sin® @ 3 sin® @
No. 20 sin°@ SIN“ O | SIN“ O | SIN" O | BP+P+P | Wk | a (A)
1 38.43 0.1083 1.000 2.000 3.000 3 111
2 44 .67 0.1444 1.333 2.667 4.000 4 200
3 65.02 0.2888 2.667 5.333 8.000 8 220
4 78.13 0.3972 3.667 7.333 11.000 11 311
5 82.33 0.4333 4.000 8.000 12.000 12 222
6 98.93 0.5776 5.333 10.665 15.998 16 400
71 111.83 0.6859 6.333 12.665 18.998 19 331
8 116.36 0.7220 6.666 13.331 19.997 20 420

Bravais lattice is Face-Centered Cubic
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Step 6

Calculate lattice parameters.

Peak 1x sin® @ . sin® @ 3, sin® @

No. 20 sinfg | sin“.. | sinO, | sin® O | B+ | hkd | a (A)
1 3843 | 0.1083 1.000 2.000 3.000 3 | 111 | 4.0538
o 4467 | 0.1444 1.333 2667 4.000 4 | 200 | 4.0539
3] 6502 | 0.2888 2.667 5.333 8.000 8 | 220 | 4.0538
4 7813 | 0.3972 3.667 7.333 11.000 11 | 311 | 4.0538
5| 8233 | 04333 4.000 8.000 12.000 12 | 220 | 4.0538
6| 9893 | 05776 5.333 10.665 15.998 16 | 400 | 4.0541
71 111.83 | 0.6859 6.333 12.665 18.998 19 | 331 | 4.0540
8| 116.36 | 0.7220 6.666 13.331 19.997 20 | 420 | 4.0541

o Correctly labeled all peaks,
» Correctly determined the Bravais lattice

o Determined the lattice parameter.

Average lattice parameter is 4.0539 A
We have completed our task because we have:
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Analytical Method of Indexing
Cubic crystals
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Recall

sinzez(’lzj(h%k%zz)
2

4a

2
(izj = constant
4a

For all XRD patterns
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Let
12

2 ) "8

We can write,

=2 2 2 2
sin@ =K (h* +k*+1°)
\ J
Y
For any cubic system, the values of
h®+k*+[? increase as follows:

h*+k’+2=1,2,3,4,5,6,8,9,10,11...
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Table 1.2.6.1. Assignment of intezers s < 100 to triplets h, k, | with s = W +k% - 1[°

Each triplet represents all 48 triplets resulting from permutations and sign combinations.

5 hil 5 hkl 5 hkl 5 hkl § hkl ¥ hkl
1 100 25 500 42 541 59 731 74 831 88 664
2 110 430 43 533 553 750 89 922
3 111 26 510 44 622 61 650 743 850
4 200 431 45 630 643 75 751 8543
5 210 27 511 542 62 732 555 762
(& 211 333 46 631 651 76 662 a0 930
8 220 29 520 48 444 64 8500 e 832 851
9 300 432 49 T00 65 810 654 754

221 30 521 632 740 78 752 a1 931
10 310 32 440 50 710 652 80 840 a3 852
11 311 33 522 550 66 811 81 200 04 932
12 222 441 543 741 841 763
13 320 34 530 51 711 554 744 96 844
14 321 433 551 7 733 663 a7 940
16 400 35 531 52 640 68 820 82 910 665
17 410 36 600 53 720 644 833 af 941

322 442 641 69 821 83 911 853
18 411 37 610 54 T21 742 753 T70

330 38 611 633 70 653 &4 842 99 933
19 331 532 552 2 822 85 920 T71
20 420 40 620 56 642 660 760 755
21 421 41 621 57 722 T3 830 "6 921 100 1000
22 332 540 544 661 761 860
24 422 443 58 730 655

E. Koch, in International Tables for Crystallography (2006). Vol. C., Chapter 1.2, pp. 6-9.
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Determine sin?20 for each peak and divide by the values by
the integers 2,3,4,5,6,8,9,10,11...

From this we will obtain a common quotient, which equals
the value of K corresponding to #2+k*+[72 =1

Divide the sin?0 values for each peak by K and we will
obtain a list of #%+k°+/? values.

For cubic crystals, we can use this sequence to identify the
Bravais lattice and label each XRD peak.
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Identify the peaks.
Determine sin20.

Calculate the ratio sin26/(integer sequence).

Identify the lowest common quotient from (3) and identify the integers to which it corresponds. Let the lowest
common quotient be K.

Divide sin%0 by K for each peak. This will give you a list of integers corresponding to the
h?+k>+[2 sequence.

Select the appropriate pattern of #2+k%+/? values to ID the Bravais lattice.
Calculate lattice parameters.
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Step 1

|dentify peak locations.

Peak
No.

20

sin® @

sin® @

sin® @

sin® @

sin® @

sin® @

sin® @

38.43

44.67

65.02

78.13

82.33

98.93

111.83

0N ||~ |WIN |~

116.36
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« Determine sin?@for each peak.

Step 2

Peak sin@ | sin®@ | sin®6 | sin®@ | sin’d | sin®@
No. 20 | sin®é 2 3 4 5 6 8
1 38.43| 0.1083
2|  44.67| 0.1444
3 65.02] 0.2888
4 7813  0.3972
5| 8233 0.4333
6| 9893 0.5776
7| 111.83] 0.6859
8 116.36] 0.7220
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Step 3

The integers represent the quadratic

forms of the Miller indices.

Calculate the ratio sin® 0 /(integers)
Peak sin“@ | sin®@ | sin°@ | sin®@ | sin°g | sin®@g
No. 20 sin‘ g 2 3 4 5 6 8
1 38.43 0.1083 0.0542 0.0361 0.0271 0.0217 0.0181 0.0135
2 44 67 0.1444 0.0722 0.0481 0.0361 0.0289 0.0241 0.0181
3 65.02 0.2888 0.1444 0.0963 0.0722 0.0578 0.0481 0.0361
4 78.13 0.3972 0.1986 0.1324 0.0993 0.0794 0.0662 0.0496
5 82.33 0.4333 0.2166 0.1444 0.1083 0.0867 0.0722 0.0542
6 98.93 0.5776 0.2888 0.1925 0.1444 0.1155 0.0963 0.0722
7 111.83 0.6859 0.3430 0.2286 0.1715 0.1372 0.1143 0.0857
8 116.36 0.7220 0.3610 0.2407 0.1805 0.1444 0.1203 0.0903
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Step 4

Identify the lowest common quotient from step 3 and
Identify the integers to which it corresponds. Let the

owest common quotient be K.

Peak sin*@ | sin®@ | sin’@ | sin’@ | sin’@ | sin’@
No. 20 sin® 6 2 3 4 5 6 8
1 3843 0.1083 0.0542] 0.0361] 0.0271] 0.0217| 0.0181] 0.0135
2| 4467 0.1444] 0.0722] 0.0481 0.0361] 0.0289] 0.0241] 0.0181
3| 65.02 0.2888] 0.1444] 0.0963 0.0722| 0.0578] 0.0481] 0.0361
4 7813 0.3972] 0.1986| 0.1324] 0.0993| 0.0794] 0.0662] 0.0496
5|  82.33 0.4333] 0.2166| 0.1444] 0.1083] 0.0867| 0.0722] 0.0542
6| 98.93 0.5776] 0.2888] 0.1925 0.1444| 0.1155 0.0963] 0.0722
7| 111.83] 0.6859] 0.3430] 0.2286] 0.1715 0.1372| 0.1143] 0.0857
8| 116.36] 0.7220] 0.3610] 0.2407| 0.1805] 0.1444] 0.1203] 0.0903
K =0.0361
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Step 5

Divide sin® @ by K for each peak. This will give you a
list of integers corresponding to 4° +k° +1°

(1.e., the &kl values for the diffracting peaks)
Peak sin® @
No. 26 sin” @ K |WP+k°+1* hkl
1 38.43 0.1083 3.000
2 44 .67 0.1444 4.000
3 65.02 0.2888 8.001
4 78.13 0.3972 11.001
3) 82.33 0.4333 12.002
6 98.93 0.5776 16.000
7| 111.83 0.6859 19.001
8| 116.36 0.7220 20.000
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Select the appropriate pattern of 4° +k° +/° values.

Steps 6 and 7

Use them to identify the Bravais lattice.

Peak sin” ¢

No. 26 sing K |+ +P| il
1 38.43 |0.1083 3.000 3 111
2| 44.67 |0.1444 4.000 4 200
3| 65.02 |0.2888 8.001 8 220
4 78.13 |0.3972 | 11.001 11 311
5/ 82.33 |0.4333 | 12.002 12 222
6| 98.93 |0.5776 | 16.000 16 400
7] 111.83 |0.6859 | 19.001 19 331
8| 116.36 | 0.7220 | 20.000 20 420

Calculate lattice parameters as follows.

1.540562 A _ 4_0541'&

Sequence suggests an fcc Bravais lattice

A

a —_— o
oJK  240.0361
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These methods will work for any cubic
material

It is a very good idea to use both methods, to double-
check your results.

| REQUIRE YOU TO DO BOTH!
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